Introduction
In [8] G. J. Janusz showed that a p-block algebra Λ of a finite group G of finite representation type over a splitting field F with characteristic p > 0 is uniserial if and only if every simple Λ-module M can uniquely be lifted to a simpleΛ ⊗ R Smodule, where R is a complete discrete rank one valuation ring R with maximal ideal πR, residue class field F = R/πR, and quotient field S with characteristic zero, and whereΛ is an RG-block such that Λ ∼ =Λ ⊗ R F . If Λ has at least two non-isomorphic simple modules, then using standard results of the theory of blocks with cyclic defect groups [5] , p. 302, and J. A. Green's work [6] it can easily be seen that this liftability condition is equivalent to the requirements that Ext These Ext-conditions also imply the unique liftability of the simple modules M of an arbitrary finite-dimensional symmetric algebra Λ over a commutative field K in the sense of Auslander, Ding and the second author [1] . It is also kwown that Ext In order to state it the following definitions and notations are needed. Let J = J(Λ) denote the radical of Λ and let soc(X) denote the socle of a module X. If P M denotes the projective cover of the simple Λ-module M , then H M = P M J/ soc(P M ) is called the heart of P M . The K-algebra Λ is said to have multiplicity c(Λ) = 1 if P M J is a multiplicity-free Λ-module for every simple Λ-module M . Now we can state our main result. Theorem 1.1. Let Λ be a connected, representation-finite, symmetric algebra over the algebraically closed field K with at least two non-isomorphic simple Λ-modules. Then the following conditions are equivalent: This result is proved in section 3. The non uniserial algebras Λ with multiplicity c(Λ) = 1 satisfying condition (2) are classified by Theorem 4.1 in section 4. This classification is based on the classification of all representation-finite connected basic symmetric algebras of Dynkin type D n by Bretscher, Läser and Riedtmann [4] , and Roggon's description [11] of the quivers and relations of the basic symmetric algebras of Dynkin types E 6 , E 7 and E 8 .
In section 1 the relation between the module structure of the heart H M of the projective cover P M of the simple Λ-module M and the condition Ext Concerning our terminology and notation we refer to the books by Auslander, Reiten, Smalø [2] and Feit [5] .
Hearts of indecomposable projectives
This section is devoted to showing that if Ext 2 Λ (M, M ) = (0) for a simple module M over a weakly symmetric artin algebra Λ, then the heart H M of the projective cover P M of M is indecomposable. This is a special case of a more general result for artin algebras stating that for an indecomposable projective module P with simple socle, then if Ext 2 Λ (P/P J, soc(P )) = (0), the heart P J/ soc(P ) is zero or indecomposable. For weakly symmetric finite dimensional algebras over an algebraically closed field we prove a converse statement.
We first discuss the general case for artin algebras.
Proposition 2.1. Let Λ be an artin algebra and suppose that P is an indecomposable projective Λ-module with simple socle. If Ext 2 Λ (P/P J, soc(P )) = (0) and P J/ soc(P ) is nonzero, then the heart P J/ soc(P ) is indecomposable.
Proof. Assume that P/P J = M and soc(P ) = M for some simple Λ-modules M and M . We have that Ext
Since soc(P J) = M , we have that I(P J) = I(M ), where I(X) denotes the injective hull of the Λ-module X. Moreover, we have the exact sequence
Suppose that P J/M = X ⊕Y , where both X and Y are nonzero. Then consider the following composition of maps
where all the maps are the canonical projections or inclusions. We want to show that the homomorphism α does not factor through the homomorphism π : I(M ) → I(M )/M and therefore represents a nonzero element in Ext
Suppose that there is a map β : P J → I(M ) such that α = π • β. Let x be in P J such that x+M is in X \XJ. There exists an element r x in J such that x·r x is a nonzero element in soc(P J) = M . Moreover, α(x) = x + M = π • β(x), so that β(x) = x+m for some m in M . Therefore β(xr x ) = β(x)r x = (x+m)r x = xr x = 0. Hence, β(s) = 0 for any element s in soc(P J) = M .
Let y be in P J such that y+M is in Y \Y J. There exists an element r y in J such that y · r y is a nonzero element in soc(P J) = M . Hence β(yr y ) = 0 and β(y) = 0. If β(y) is in M , then 0 = β(y)r y = β(yr y ). This is impossible, so that π • β(y) = 0. Since α(y) = π • β(y) = 0, we have a contradiction. Therefore the map α defined as above does not factor through the homomorphism π : I(M ) → I(M )/M . From the above exact sequence follows that Ext For weakly symmetric artin algebras all indecomposable projectives have simple socles. In this case we have the following corollary which we apply in section 3.
Corollary 2.2. Let Λ be a weakly symmetric artin algebra and M a nonprojective simple Λ-module. If Ext 2 Λ (M, M ) = (0), the heart H M is indecomposable. In particular, the length of P M is at least 3.
Proof. If H M were zero, then we would have an exact sequence of the form 0
, a contradiction to M not being projective. Thus H M is nonzero. The claim follows from the previous lemma, and the length of P M is at least 3.
In view of the above corollary it is natural to ask if Ext Let Q be the following quiver
and K a field. Let I be the ideal in the path algebra KQ generated by the elements
, where the indices are calculated modulo 3. Then it is easy to see that the algebra Λ = KQ/I is weakly symmetric, all the hearts of the indecomposable projective Λ-modules are indecomposable and Ext A partial converse of Corollary 2.2 is the following. Proposition 2.3. Let Λ be a weakly symmetric finite dimensional algebra over a field K. Let M be a simple Λ-module such that End Λ (H M ) = K and Ext
A situation where the heart H M of P M for a simple module M satisfies the hypothesis of the previous result is the following. We apply this in section 3.
Corollary 2.4. Let Λ be a weakly symmetric finite dimensional algebra over an algebraically closed field K. Let M be a simple Λ-module such that P M J is a multiplicity free Λ-module and the heart H M of P M is indecomposable. Then Ext
Suppose there is a nonzero element α in J(E). Then α is nilpotent. Hence both ker α and α(H M ) are nonzero proper submodules of H M containing together all composition factors of H M because α(H M ) H/ ker α. As H M is multiplicity free α(H M ) ∩ ker α = (0). Hence H M = α(H M ) ⊕ ker α, a contradiction to H M being indecomposable. Thus End Λ (H M ) = K and the claim follows from the previous result.
The condition of Ext 2 Λ (M, M ) being zero also has come up in work on liftability of modules in [1] . We recall the notion of a lifting of a module from [1] .
Let ϕ : Γ → Λ be a homomorphism of rings and let M be a finitely generated
It is shown in Proposition 1.7 and Proposition 2.6 of [1] that if ϕ : Γ → Λ with Γ and Λ suitably given, then for a Λ-module X the condition Ext 2 Λ (X, X) = (0) implies that X is liftable to Γ. Furthermore, if a Λ-module X is liftable to Γ with Ext 1 Λ (X, X) = (0), then the lifting of X to Γ is unique.
In the following let Λ be an artin algebra. Next we show that if Ext We have the following exact commutative diagram. 
. This completes the proof of the corollary.
Proof of the main result
In this section we assume that all algebras Λ are finite dimensional connected symmetric algebras over an algebraically closed field K.
Let
be a complete set of primitive orthogonal idempotents for Λ. Recall that Λ is called regular if for each pair of i and j there exists x and y in e i Λe j such that e i Λe j = e i Λe i x and e i Λe j = ye j Λe j . Moreover, the multiplicity of Λ is defined by c(
Proof of Theorem 1.1. Let Λ be a connected, representation-finite, symmetric Kalgebra with at least two non-isomorphic simple modules such that Ext 2 Λ (M, M ) = (0) for every simple Λ-module M . Since all these properties of Λ are preserved under Morita equivalence we may assume that Λ is a basic K-algebra.
If Λ is not regular, then by [13, Satz 1.8] the multiplicity of Λ is at least 2. Hence by [13, Satz 1] Λ is isomorphic to one of the algebras which are denoted in [13] by B(T, S, ), where T is a Brauer tree, S an extremal point on T and the scalar is 0 or 1. Since Λ has at least two simple modules, it follows from the description of the quivers and relations of the algebras B(T, S, ) that there is a simple Λ-module M such that M occurs in the top of P M J. From Corollary 2.6 follows that Ext Thus we may assume that Λ is regular with multiplicity c(Λ) = 1. Therefore assertion (2) of Theorem 1.1 is a consequence of assertion (1) .
The proof of the converse is split into two parts. At first we assume that Λ is uniserial. Since Λ has at least two non-isomorphic simple modules, it follows from Corollary 2.12 of [2] , p. 117, that all simple Λ-modules are contained in one orbit of the square Ω 2 of the Heller operator Ω. In particular, Ext
for every simple Λ-module. Now we assume that Λ has multiplicity c(Λ) = 1 and all hearts H M of the indecomposable projective Λ-modules are indecomposable. Then P M J is a multiplicityfree Λ-module for each simple Λ-module M by Satz 1.1 of [9] and Theorem 2 of [10] because Λ is of finite representation type. Hence Ext 
The classification of the non-uniserial basic algebras
This section is devoted to classifying all representation-finite non-uniserial connected basic symmetric K-algebras Λ with Ext 2 Λ (M, M ) = (0) for all simple Λ-modules M where K as the classification is based on the classification of all representation-finite connected basic symmetric algebras by Bretscher, Läser and Riedtmann [4] and Roggon's [11] description of the quivers and relations of the connected basic symmetric algebras of Dynkin types E 6 , E 7 and E 8 .
First we recall how to construct the quivers and relations from the data given for the cases E 6 , E 7 and E 8 listed below.
The ordinary quiver Γ of an representation-finite symmetric algebra of Dynkin type E n has n vertices. The sequence of numbers in the last column in the table, for example 14 24 34 45 46 51 53 61 62, describes the arrows in Γ, that is, there are arrows 1 → 4, 2 → 4, 3 → 4 and so on. We let Q be the quiver obtained from Γ by only including the arrows i → j where i < j. By ZQ we denote the infinite quiver given by the Cartesian produkt Q × Z. Let ∆ be the infinite quiver obtained from ZQ by adding arrows (i, n) → (j, n + 1) if there is an arrow j → i in Γ with i > j. Let ν : ∆ → ∆ be the automorphism given by ν((i, n)) = (i, n + 1) and ν(α : (i, n) → (j, m)) = α : (i, n + 1) → (j, m + 1), when m = n or m = n + 1.
Let I be the ideal in K∆ generated by all full commutativity relations and all paths p : x ; y, unless there is an extension q such that qp : x ; y ; ν(x). Then the algebra given by the sequence of numbers in the last column in the table below for E n is (K∆/I)/ν Z . The lower case letter s next to the number in the first column in the list indicates that the algebra Λ is selfdual, i.e. Λ ∼ = Λ op . Now we can state the classification. If the algebra Λ is not self-dual, only one of the algebras Λ and Λ op is listed. We keep Roggon's numbering [11] of the Kalgebras of Dynkin types E 6 , E 7 and E 8 .
Theorem 4.1. Let Λ be a non-uniserial symmetric, connected, representationfinite, basic K-algebra with mulitplicity c(Λ) = 1 such that Ext 2 Λ (M, M ) = (0) for all simple Λ-modules. If Λ is not semi-simple, then Λ has at least 2 non-isomorphic simple Λ-modules, and it is either of Dynkin type D n , E 6 , E 7 or E 8 .
Furthermore the following statements hold:
(1) If Λ is of Dynkin type D n , then its quiver has n vertices, and it is either
with n relations generated by the elements γ 2 γ 1 − δ 2 δ 1 , γ 1 α n−3 δ 2 , δ 1 α n−3 γ 2 and α n−2−i γ 2 γ 1 α i for i = 1, . . . , n − 3, or it is
(2) There are 9 non-isomorphic such algebras Λ of Dynkin type E 6 . Their quivers and relations are given in the following Proof. Let Λ be a representation-finite connected basic symmetric K-algebra with multiplicity c(Λ) = 1, where K is an algebraically closed field. As Λ is not semisimple it has at least two non-isomorphic simple modules. If Λ were non-regular, then by [13, Satz 1.8] its multiplicity would be 3, a contradiction to c(Λ) = 1. Hence Λ is regular. By [7, § 4 .1] Λ is a trivial extension of a tilted algebra of Dynkin class A n , D n , E 6 , E 7 or E 8 . As Λ is not uniserial, it is not of Dynkin class A n . All the trivial extensions of the tilted algebras are standard [11, Proposition 2.3] . Therefore it remains to classify all standard representation-finite connected basic symmetric K-algebras of Dynkin class D n , E 6 , E 7 and E 8 . Each case is now dealt with separately.
(1) Suppose that Λ is of Dynkin class D n . All standard representation-finite connected basic symmetric K-algebras of Dynkin class D n are classified in [4] . They are either two-or three-cornered algebras.
In [4] the two-cornered algebras of Dynkin class D n are given in the following way. An arrowed Brauer-quiver Q is a finite connected quiver satisfying the conditions: (a) each arrow of Q belongs to a simple oriented cycle, (b) each vertex belongs exactly to two cycles, and (c) two cycles meet in at most one vertex. The arrows belonging to one cycle are all labeled by α or β in such a way that two α-cycles (or β-cycles) never meet.
Let P be an arrowed Brauer-quiver with n − 2 vertices and a distinguished arrow α : x → y. Let a z (b z ) be the length of the α-cycle A z (β-cycle B z ) of P passing through the vertex z. Then denote by Q(P ) the quiver obtained from P replacing the distinguished arrow α : x → y by
Let I(P ) be the ideal in KQ(P ) generated by the elements
) denote the length of the α-path of Q(P ) from z to x (y to z).
Then the algebra Λ = KQ(P )/I(P ) is a two-cornered algebra and by [4] all twocornered algebras are given in this way.
Let Λ be a two-cornered algebra. If there is an α-cycle meeting a β-cycle both of length at least 2, then the relation in (b) is a relation starting and ending in one vertex z. By the main theorem [3] there exists a simple Λ-module M with Ext 2 Λ (M, M ) = (0). Since there are no loops in the ordinary quiver of Λ, the quiver Q(P ) can only consist of one cycle of length at least 2. The claim now follows immediately from the description of the two-cornered algebras.
The three-cornered algebras have the following description. Let P be a Brauerquiver with a distinguished β-loop, that is, a looped Brauer-quiver. Denote by P + the quiver obtained from P by splitting the distinguished vertex x of P into an α-sink x − and an α-source x + , the arrow α : y → x (α : x → z) of P is replaced by an arrow α : y → x − (α : x + → z) if y = x = z, if P has only one vertex, the α-loop α : x → x is replaced by an arrow α : x + → x − and finally in all cases the distinguished loop β : x → x is replaced by an arrow γ : x − → x + . Let P 1 , P 2 and P 3 be three looped Brauer-quivers with distinguished vertices x 1 , x 2 and x 3 . Denote by Q(P 1 P 2 P 3 ) the quiver obtained from P 1 , P 2 and P 3 by identifying the vertex x Let I(P 1 P 2 P 3 ) be the ideal in KQ(P 1 P 2 P 3 ) generated by the elements (a) α i β i , β i α i , α 2 α 3 , α 1 α 2 , α 3 α 1 , γ 3 γ 2 − α If the total number of vertices in P 1 , P 2 and P 3 is at least 5, then the path algebra Λ = KQ(P 1 P 2 P 3 )/I(P 1 P 2 P 3 ) is a three-cornered algebra and all three-cornered algebras are given in this way.
Let Λ be a three-cornered algebra. If the quiver P i has an α-cycle meeting a β-cycle both of length at least 2 in a vertex z of P i lying outside the α-cycle A i of P i containing x i , then the relation in (b) is a relation starting and ending in the vertex z.
If there is a β-cycle of length at least 2 meeting the α-cycle A i in a vertex z lying on A i and different from x i in P i , then the relation in (c) is a relation starting and ending in the vertex z.
Again by using [3] there exists a simple Λ-module M with Ext 2 Λ (M, M ) = (0) in both cases described above. Hence each P i has at most one cycle of length at least 2. The claim now follows immediately from this and the description of the three-cornered algebras.
